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Abstract: 
   14C is a stable isotope and emitted from medium and heavy mass nuclei. The 14C result is in excellent 
agreement with a favored ground-state-to-ground-state transition according to the cluster model of 
Blendowske et al. We study Ra isotopes in relativistic core-cluster model, solve the Dirac equation with 
the new phenomenological potential by parametric Nikiforov-Uvarov method, and obtain wave function 
and binding energy. 
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1.  Introduction  
Since  the  discovery  of 14C radioactivity  of 223Ra by  Rose  and  Jones  [1],  the spontaneous 
emission of neutron-rich clusters, ranging from 14C to 34Si, have been observed in the 
radioactive decay of various trans-lead nuclei [2]. The α cluster structures have been 
extensively studied over the years for example ref [3-5], Since the binding energy per nucleon 
is extremely large in 4He, it can be a building block of the nuclear systems called α cluster. 
Therefore, we can give a different isotope as a cluster in the study of medium and heavy mass 
nuclei. One of the issue we can discuss about that, it is the possibility of the 14C nucleus could 
be a cluster, which reviews a few reasons in the following arguments: 
14C is strongly bound, this is because the proton number 6 corresponds to the sub-closure of 
the p3/2 subshell of the jj-coupling shell model, and the neutron number 8 is the magic number 
corresponding to the closure of the p shell. Although 14C has two valence neutrons, the lowest 
threshold to emit particle is the neutron threshold at Ex = 8.18 MeV, which is high enough 
value. Also because of strong shell effects, there is no excited state below Ex = 6 MeV just like 
in 16O[6]. The β-decay of free 14C is very slow reflecting the stability of this nucleus. Thus, it 
is a famous nucleus used for age determination [7] and the half-life of 14C is 5700 years. 
The second argument is that 14C emitted from some heavy nuclei in the process that is call 
cluster decay. In reality, there is much more experimental data for the 14C emission as 
compared with the emission of 12C in medium and heavy mass nuclei, and neutron richness of 
14C can be important for that[8]. These experimental data also strongly suggest that 14C can be 
a building block of cluster structures in heavy nuclei. 14C is a favorite clustering in neutron-
rich nuclei, even in light nuclei for example in ref [9] the cluster model in O isotopes studied. 
Figure1 is a schematic of the model assumed. 
 
Figure1. Schematic illustration of two possible clusters and shell model structures in 20O [9]. 
 
We study 223,225,227Ra isotopes in a relativistic core-cluster model with 14C heavy cluster. For 
Ra isotopes, we solve the Dirac equation with new phenomenological potential by the 
parametric Nikiforov-Uvarov (PNU) method. In 223Ra propose 223Ra→209Pb+14C where 209Pb 
with 3.25-hour half-life is our core and 14C is heavy cluster and for 225,227Ra listed in Table1. 
2. Wave function and Energy equation 
The wave function of the Dirac equation as follows: 
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The radial part of the Dirac equation as follows: 
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For spin symmetry ( ( ) 0r  ) [10]: 
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The core-cluster interaction is describing as follows: 
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Where
0v , 1v , 2v and 3v are the depth of the potential well, R is the nuclear radius and  is 
related to the range of the potential, You can see the behavior of this potential in Figure 2. We 
replace (4) in (3), to solve the Dirac equation by the PNU method, it must convert into the 
following general form. 
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If we can write the Dirac equation as above, the wave function and the energy equation 
respectively obtain from the following equations 
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You can for more details on parameters, see ref [11, 12]. 
 
Figure 2. The behavior of potential 
Back to spin symmetry Dirac equation, for 1/r2 can use the Pekeris-type approximation  
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Finally, we obtain the wave function and energy equation in Eqs. (16) and (17) respectively. 
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3. Binding energy for Ra isotopes 
In the core-cluster model, we consider Ra isotopes and solve the Dirac equation for 
phenomenological potential using the PNU method, and obtain the energy and wave function 
equation; you can see binding energy of Ra isotopes in table1. 
Table1. Binding energy for Ra isotopes 
Isotope and core-
cluster 
v0 
(Mev) 
v1 
(Mev) 
v2 
(Mev) 
v3 
(Mev) 
α R 
(fm)[13] 
Eour  
(Mev) 
Eexp 
(Mev)[14] 
223Ra→209Pb+14C 2.0 35.0 2.0 450.0 0.05 5.6973 1713.29 1713.82 
225Ra→211Pb+14C 2.0 75.0 2.0 450.0 0.05 5.7156 1725.27 1725.20 
227Ra→213Pb+14C 2.0 125.0 2.0 450.0 0.05 5.7283 1740.02 1740.54 
 
In Table 1, we assume that the Ra isotopes can be studying in the cluster model, but we know 
that in fact the 14C isotope only emitted from the 223Ra nuclei. We calculated the binding energy 
by choosing the best value for the potential adjustable parameters that it is very little in 
agreement with the experimental data. 
4. Results and discussions 
The discussion of heavy isotopes is one of the major issues in nuclear physics, and solving the 
N-particle problem is one of the challenges of nuclear physics and physics. In this study, we 
investigated the heavy isotopes of Ra, for example, 223Ra has 223 particles, which the 223-
particle problem solving virtually impossible. Therefore, scientists began modeling for multi-
particle nuclei. We also used the cluster model for Ra isotopes, in the cluster model, we have 
to observe clusters in the experiment, in recent year’s experiments in the field of heavy nuclei, 
the 14C isotope emission observed.  
 We considered in the core-cluster model, the daughter nuclei as the core and 14C as the cluster. 
We need a potential V(r) to describe the core-cluster model, which has three essential parts, 
including nuclear term (VN) plus Coulomb potential (VC) plus centrifugal potential (VL): 
( ) ( ) ( ) ( )                                                                                                        (18)N C LV r V r V r V r    
You can see some of these potentials worked in the past in ref [15-19]. The potential we 
introduce (Eq.4) is a combination of the Rosen-Morse potential [20] and a modified relativistic 
potential of ref [15] and an exponential type potential that incorporates the Coulomb potential 
itself. We take nuclei in the relativistic model so we choose the Dirac equation to obtain the 
nuclei wave function, so replaces the potential in the Dirac equation and obtain binding energy 
after solving the equation. 
In this study, we calculated the binding energy for Ra isotopes with given core-cluster model 
respect to heavy cluster 14C and we compared our result with experimental data; the difference 
between them is very small. 
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